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Drift orbits of test particles are studied using a recently proposed Hamiltonian theory of
guiding-center motion in toroidal systems. A symplectic mapping procedure in symmetric form is
developed which allows a fast and accurate characterization of the Poincaré plots in poloidal cross
sections. It is shown that the stochastic magnetic field acts differently on the onset of chaotic motion
for co- and counterpassing particles, respectively. Resonant drift surfaces are shifted inward for the
co-passing particles, and are shifted outward for the counterpassing particles, when compared with
resonant magnetic surfaces. The overall result is an inward outward shift of chaotic zones of
co-passing counterpassing particles with respect to the magnetic ergodic zone. The influence of a
stationary radial electric field is discussed. It shifts the orbits farther inward for the co-passing
particles and outward for the counterpassing particles, respectively. The shifts increase with the
energies of the particles. A rotation of the magnetic field perturbations and its effect on drift motion
is also investigated. Estimates for the local diffusion rates are presented. For applications,
parameters of the dynamic ergodic divertor of the Torus Experiment for Technology-Oriented
Research are used Fusion Eng. Design 37, 337 1997. © 2006 American Institute of Physics.
DOI: 10.1063/1.2181975I. INTRODUCTION
Since the beginning of magnetic fusion research, the
problem of particle and heat transport is in the focus of the-
oretical and experimental investigations. The reason for the
strong interest in this problem lies in the unexpected large
losses anomalous transport. Although neoclassical linear
transport theory was able to take care of the geometrical
effects and large mean free paths see, e.g., Ref. 1, and ref-
erences therein, it was not able to resolve all the problems.
As it is well known see, for example, Ref. 2, in many cases
the strong deviation of transport rates from classical predic-
tions is due to nonlinear effects caused by electrostatic as
well as electromagnetic fluctuations. In the past, many at-
tempts have been made for a self-consistent theory of non-
linear transport; see, e.g., Refs. 3 and 4, and references
therein.
For a better systematic understanding of anomalous
transport in magnetically confined plasmas it was suggested
in Ref. 5 to split the problem into two parts. One part deals
with the development of fluctuations, and the other one con-
siders the passive motion of test particles under the influ-
ence of the perturbations. Such separations are quite com-
mon in fluid turbulence where passive motion of scalars,
vectors, particles, etc., has been investigated extensively. In
fusion research there exists an additional, qualitatively im-
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chastic fields. Stochastic fields can be, and really are, also
generated from outside error fields or fields by purposely
introduced specially designed external coils. Then, the en-
hanced transport of particles due to destruction of nested
magnetic surfaces in the presence of nonaxisymmetric mag-
netic perturbations see, e.g., Refs. 6–12 needs special con-
sideration. An additional problem is the selective transport of
particles in the presence of external static or rotating mag-
netic perturbations. This effect has been proposed as a
mechanism for removal of helium ash and high energetic
particles see, e.g., Refs. 13–15.
In this paper, we discuss stochastic drift motion by using
discrete maps. As is well known, magnetic field lines repre-
sent a continuous Hamiltonian system. The main goals of
mapping models is to replace the original continuous dy-
namical system by a discrete iterative map which runs much
faster then the small-step numerical integration see Refs.
16–19. Mappings should be symplectic or flux-preserving.
They should have the same fixed points as the Poincaré map
of the original system, and they should show the same regu-
lar and chaotic regions as the continuous evaluation. Many
interesting mappings, especially for magnetic field lines,
have been proposed in the past see, for example, Refs.
19–23. The effect of the magnetic field perturbations on
particle motion has attracted less attention, except, perhaps,
Ref. 24. Although charged particles closely follow magnetic
© 2006 American Institute of Physics9-1
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on the energy of the particles and the species. The deviations
of electron orbits from the magnetic surfaces are much
smaller than for ion orbits. Due to a toroidal drift the ion
orbits are different for the co-passing, counterpassing, and
trapped particles, respectively. Usually the perturbation field
in toroidal systems has a strong radial dependence and is
localized on the high-field side. In this work we intend to
study in detail the possible effects of the perturbation fields
on test ion orbits.
Equations for guiding-center motion in a Hamiltonian
formulation are a convenient way to study the effect of cha-
otic magnetic fields on particle motion in collisionless plas-
mas. The Hamiltonian guiding-center equations in a mag-
netic coordinate system proposed in Refs. 25–28 allows, in
principle, only a special form of the magnetic field that gives
rise to chaotic field lines. The approach proposed in Ref. 29,
and later generalized in Ref. 30 to time-dependent fields,
allows one to consider more general forms of the magnetic
field. But a practical application of the method may be com-
plicated, because the method requires a coordinate system in
which one of the covariant components of the magnetic B
and the vector potential A simultaneously vanish, e.g., Ar
=Br=0. Another Hamiltonian formulation of guiding-center
motion in a toroidal system was recently proposed in Ref.
31. It allows us to consider more general axisymmetric mag-
netic perturbations, including time-dependent ones. The idea
of the method is close to the one proposed by Mynick in
Refs. 32 and 33 to describe the guiding-center motion for
large gyroexcursions in mirror and axisymmetric field-
reversed configurations. A six-dimensional Hamiltonian sys-
tem of equations was obtained for drift motion in a toroidal
coordinate system. The existence of an adiabatic invariant
related with the radial gyro-oscillations allows one to reduce
the six-dimensional Hamiltonian system to a four-
dimensional one. In the present paper we shall further gen-
eralize that ansatz.
For quantitative predictions, we shall apply the theory to
the dynamic ergodic divertor DED which has been installed
at the Torus Experiment for Technology-Oriented Research
TEXTOR see Refs. 34 and 35. The DED introduces new
features to the conventional concept of the ergodic divertor
proposed in Refs. 36–42. Besides controlling the plasma
edge by creating the resonant magnetic perturbations, the
DED also permits the operation with a rotating magnetic
field. The latter allows one to broaden the heat and the par-
ticle deposition on the divertor plates and to induce the
plasma rotation as described in Ref. 43. The structure of the
magnetic field in the DED operation has been extensively
studied in the past in Refs. 20, 35, and 44–47.
In the present work we will investigate the effect of
magnetic perturbations on a single test particle motion using
the Hamiltonian approach mentioned above. Our attention
will be concentrated on particle motion in a collisionless
regime. It will reveal the effect of a pure magnetic field line
stochasticity on the drift motion of particles without shadow-
ing it with the effects of collisions and turbulence. The in-
fluence of an equilibrium electric field, as well as a rotating
magnetic field, will be also considered. We shall mainly fo-
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netic surfaces and on the formation of a stochastic zone of
drift motion. Radial diffusion rates of particles due to the
chaotic magnetic fields will be also estimated.
The paper is organized as follows: The Hamiltonian
equations for the guiding-center motion are presented in Sec.
II within different formulations. The analysis of drift motion
using Hamiltonian methods, i.e., action-angle variables and
perturbation theory, are carried out in Sec. III. There we shall
obtain formulas for the width of the drift islands, and we
shall describe the mapping method to integrate Hamiltonian
drift motion equations. The formation of chaotic zones, the
effects of static electric and rotating magnetic fields are stud-
ied in Sec. IV. Radial diffusion coefficients of test particles
are estimated in Sec. V. The obtained results are summarized
in Sec. VI. In Appendix A, we present data for a realistic
equilibrium magnetic field and the DED magnetic field per-
turbations to make quantitative estimates. Formulations in
action-angle variables are commented on in Appendix B.
II. HAMILTONIAN GUIDING-CENTER EQUATIONS
We start with the Hamiltonian equations for the guiding-
center motion. The equations will be in a more general form
than they were proposed in Ref. 31, i.e., without the B
1/R assumption on the toroidal magnetic field.
We use a cylindrical coordinate system Rˆ , ,Zˆ , where Rˆ
is along the torus axis and  is the toroidal angle. Suppose
that the magnetic field, including the perturbations, is com-
pletely determined by a vector potential ARˆ , ,Zˆ , tˆ
= 0,ARˆ , ,Zˆ , tˆ ,AZRˆ , ,Zˆ , tˆ. Because of a gauge invari-
ance, the radial component AR can be always set to zero. The
toroidal field is mainly determined by the AZ component,
while the component A describes the mean poloidal field Bp
and the magnetic perturbations Bpert: Bp+Bpert=eA.
An electric field is incorporated via the potential Rˆ , ,Zˆ , tˆ
which may contain an equilibrium potential 0Rˆ  as well as
low-frequency electric fluctuations 1Rˆ , ,Zˆ , tˆ. Let R0 and
B0 be the major radius of the torus and the strength of the
reference magnetic field, respectively. Introducing the nor-
malized time ctˆ→ t, where c=eB0 /mc is a reference gy-
rofrequency, the Hamiltonian equations for the particle mo-
tion can be written as
dqi
dt
=
H
pi
,
dpi
dt
= −
H
qi
, i = 1,2,3, 1
where q1 ,q2 ,q3= x= Rˆ −R0 /R0 , ,z=Zˆ /R0 are the nor-
malized coordinates, and p1 , p2 , p3= px , p , pz are the con-
jugate normalized canonical momenta. The Hamiltonian
function H in 1 is
Hx,,z,px,p,pz,t = 12 px2 + Ux;,z,p,pz,t , 2where
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2 p − f21 + x2 + pz − fz2 + x,,z,t 3
is the effective potential for the radial oscillations of the
particle. In 3, =eRˆ , ,Zˆ , tˆ / mc
2R0
2 is the
normalized electric field potential, whereas f
 fx ,z , , t=RAR , ,Z , t / R02B0 and fz fzx ,z , , t
=AzR , ,Z , t / R0B0 are the normalized components of the
vector potential A, respectively.
The Hamiltonian system 1–3 for the fast-varying ca-
nonical variables x , ,z, px , p , pz describes the gyromo-
tion of a particle. The direct integration requires very long
computational times since the time steps should be much
smaller than the period of the gyro-oscillations. The canoni-
cal change from the fast oscillating variables
x , ,z , px , p , pz to the slowly varying guiding-center ones
x ,Z , , Ix , Pz , P is given by the generating function F
=Fx , ,z , Ix , P , Pz=zPz+P+S of mixed variables: old
coordinates x , ,z and new momenta Px , P , Pz. The x
component of the new momenta, Ix, is an action variable, and
the conjugated coordinate x is an angle variable:
Ix =
1
2C pxdx, x = SIx . 4
The integral is taken along the closed curve C of constant
H=Hx ,z , , px , pz , p , t on the x , px plane. The generat-
ing function SSx , Ix ,	z ,	Pz ,	 ,	P ,	t is
S = 	x pxx;Ix,z,Pz,,P,tdx, 5
where px=
2H−Ux ;z , , Pz , P , t1/2; 	 is used to desig-
nate the smallness of order 
x /L, where 
x is the amplitude
of radial gyro-oscillations and L is a spatial scale of the
system.
For the small radial gyroexcursions, 
xL, the effective
potential U can be approximated by the Taylor series expan-
sion near its minimal value x=xc Uxc=0:
Ux;z,,Pz,P,t = U0 +
1
2
x
2x − xc2 + 
k2
akx − xck,
where U0  Ux=xc ,z , , Pz , P , t, xc=xcz , , Pz , P , t,
and 0=xxc ,z , , Pz , P , t are slowly varying functions of
the their arguments z , , Pz , P , t. The quantity x=
U0 is
the frequency of small-amplitude radial oscillations,
x =  2Ux2 
1/2
x=xc
1/2
. 6
The equation for the minimum xc, coinciding with the radial
coordinate of a guiding-center, may be written as
u
2 + u
 f
x
+ 1 + xuz
 fz
x
− 1 + x

x
= 0, 7
where u= p− f / 1+x and uz= pz− fz are the normalized
velocities. For a typical tokamak plasma the normalized
frequency x1 and the radial gyro-oscillation frequency
R=xc are of the same order as the reference gyrofre-
quency c.
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guiding-center variables x ,Z , , Ix , Pz , P may be pre-
sented as a sum
H = H0 + 	H1. 8
The first term H0 of the Hamiltonian does not depend on the
fast gyrophase x:
H0 = xZ,,Pz,P,tIx + U0Z,,Pz,P,t . 9
The small second term 	H1 depends on the phase x of the
radial gyro-oscillations. It was shown in Ref. 31 that for
typical tokamak plasma parameters the action variable Ix is a
good adiabatic invariant of motion, similar to the magnetic
moment =mv
2 /2B. Moreover, the gyrofrequency R is
much larger than both, the toroidal and poloidal transit fre-
quencies of drift motion. Under these conditions one can
neglect the small term 	H1 containing the gyrophase x, and
the Hamiltonian equations are reduced to the 4D system of
equations for the guiding-center variables Z , , PZ , P:
dZ
dt
=
H0
Pz
,
dPz
dt
= −
H0
Z
, 10
d
dt
=
H0
P
,
dP
dt
= −
H0

. 11
The action variable Ix is considered as a constant of motion.
The radial center xc and the frequency x are slowly
varying functions of the new canonical variables
Z , , PZ , P, and time t, i.e., xc=xcZ , , PZ , P , t and x
=xZ , , PZ , P , t. The relations between the coordinates
x ,z , of the particle and the guiding-center coordinates
xc ,Z , are
x = xc + 
x sin x, 12
z = Z −
S
Pz
= Z + 
x0
xc
Pz
cos x, 13
 =  −
S
P
=  + 
x0
xc
P
cos x. 14
A. Simplified form of the guiding-center
equations
One can significantly simplify the equations of motion
9–11 for the guiding-center using the fact that the poloi-
dal magnetic field BZ and the particle velocity v are much
smaller than the toroidal field B0 and the reference velocity
cR0, respectively. Neglecting small deviations of the toroi-
dal field B with respect to B0R0 /Rˆ , one can set AzRˆ 
=−B0R0 lnRˆ /R0. Omitting small terms proportional to u2
1, bzu 1, bz
21 u= v  /cR0 ,bz=BZ /B0 in Eqs. 7
and 6, the equation for the radial guiding center xc is re-
duced to
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and the gyrofrequency x is determined only by the toroidal
magnetic field B=1/ 1+x and the electric field Ex
=− /x:
0 
1
1 + xc
1 − 1 + xcEx − 1 + xc2Exx 1/2. 16
The Hamiltonian 9 also takes a simpler form,
H0Ix,Z,Pz,,P = 0Z,,Pz,tIx +
P − f2
21 + xc2
+ xc,Z,,t , 17
where f= fxc ,Z , , t, xc=xcZ , , Pz , t. The correspond-
ing Hamiltonian equations read
dZ
dt
=
0
Pz
Ix +
U
xc
xc
Pz
, 18
dPz
dt
= −
0
Z
Ix +
P − f
1 + xc2
 f
Z
−

Z
−
U
xc
xc
Z
, 19
d
dt
=
P − f
1 + xc2
, 20
dP
dt
= −
0

Ix +
P − f
1 + xc2
 f

−


−
U
xc
xc

, 21
where
U
xc
= −
P − f2
1 + xc3
−
P − f
1 + xc2
 f
xc
+

xc
. 22
In the absence of the electric field Ex0 we have
simple solutions of Eqs. 15 and 16 in the form
x =
1
1 + xc
= ePz, xc = e
−Pz
− 1. 23
The relations between the particle coordinates and the
guiding-center coordinates also take more simple forms: x
=xc+
x sin x, z=Z+
x cos x, =. The system of equa-
tions 18–21 is then further simplified because the fre-
quency x and the guiding-center xc depend only on Pz.
B. Hamiltonian formalism for passing particles
For passing particles the derivative ˙d /dt does not
change its sign during the motion, i.e., ˙0 or ˙0.
There exists a small portion of chaotic, barely passing par-
ticles. These particles may chaotically transfer from the pass-
ing regime to the trapped one, and vice versa. For the major-
ity of passing particles, however, the guiding-center
equations can be formulated by choosing the toroidal angle 
as an independent time-like variable. The corresponding
Hamiltonian function K will be −P. The original time vari-
able t becomes a dependent coordinate. Its conjugate mo-
mentum is equal to h=−H. The Hamiltonian equations can
now be formulated in the four-dimensional phase space
Z , t , Pz ,h,
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AdZ
d
=
K
Pz
,
dPz
d
= −
K
Z
,
24
dt
d
=
K
h
,
dh
d
= −
K
t
,
with the Hamiltonian function
K  − P = F − 1 + xc
2− h − xIx −  , 25
where FZ , Pz , t ,h ,=−fxc ,Z , , t, and =v / v stands
for the direction of particle movement along the toroidal
axis. We have = +1 for co-passing particles and =−1 for
counterpassing particles. The guiding-center coordinate xc
and the frequency x are determined by Eqs. 15 and 16.
Because of the implicit dependence of the Hamiltonian K on
the variables Z , t , Pz through xc, the derivatives on the right-
hand side of Eqs. 24 should be calculated accordingly.
In the absence of an electric field 0, the Hamil-
tonian equations can be further simplified. Then, the coordi-
nate xc and the frequency x are determined only by the
momentum Pz see Eq. 23, and the equations of motion
take the form
dZ
d
= − e−Pz  fx − 2h + ePzIx
2− h − ePzIx , 26
dPz
d
= −
 f
Z
, 27
dt
d
=
e−Pz

2− h − ePzIx
,
dh
d
= −
 f
t
. 28
One should note that for the co-passing particles = +1 the
Hamiltonian equations should be integrated along a positive
direction of the toroidal angle , and vice versa for counter-
passing particles. From the first set of Eqs. 27 one can
recover the magnetic field line equations by setting =0.
III. MAPPING OF DRIFT SURFACES
A. Equilibrium magnetic field
Consider a model of the equilibrium tokamak plasma
with nested, circular magnetic surfaces which takes into ac-
count the outward Shafranov shift of magnetic surfaces due
to effects of the plasma pressure and electric current see
Appendix A and Ref. 35 for details. The shift 
=Rp

−Rpa of the center Rp
 of the magnetic surface of radius

 from the center of the last magnetic surface Rpa with a
radius a is mainly determined by the plasma pol, i.e., the
ratio of the plasma pressure to the pressure of the poloidal
field B see Eq. A5. The safety factor q
 is assumed to
have a parabolic radial profile given by
q
 = q0 + qa − q0

2
a2
, 29
where q0 and qa are values of the safety factor at the mag-
netic axis and at the plasma radius, respectively.
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the following parameters: toroidal magnetic field B0
=2.25 T, major radius of the torus R0=175 cm, minor radius
a=46.7 cm, geometrical center of the plasma Ra=174 cm,
q0=0.75, qa=3.5.
B. Effect of magnetic perturbations
We study the effect of nonaxisymmetric magnetic pertur-
bations on the guiding center motion of particles. Specifi-
cally, we consider the magnetic perturbation in the DED of
the TEXTOR, which is intended to create a stochastic mag-
netic field at the plasma edge. The corresponding model of
the perturbation field is given in Appendix A. A detailed
description of this model and the structure of the magnetic
field is given in Refs. 35, 45, and 46. We will restrict our-
selves to the single particle dynamics, ignoring Coulomb col-
lisions and turbulent electrostatic fluctuations. This will al-
low us to study the influence of the stochastic magnetic field
on particle transport without shadowing it with the effects of
collisions and turbulence.
According to A1 and A6 the normalized  compo-
nent of the vector potential f can be presented as
fx,z,,t = f0x,z + 	f1x,z,,t , 30
where
f0x,z =	 dq
 , 31
 =

2
2R0
2 =
1
2
1 + x − Ra/R0 − 
/R02 + z2 , 32
	f1x,z,,t = 	
m
fmr,cosm − n + t , 33
fmr, = − r¯cgmm−1
1 + r¯ cos  r¯
r¯c
m. 34
Here 	=Bc /B0 stands for the perturbation parameter, r¯= x2
+z21/2 is the normalized minor radius, r¯c=rc /R0,  is a
poloidal angle. Suppose that the equilibrium electric field
potential  is toroidally axisymmetric, i.e., it does not de-
pend on  and =x ,z. Using 30, the Hamiltonian 17
for the guiding-center motion may be rewritten in the form
H=H0Z , Pz , P+	H1Z , , Pz , P , t, where
H0 = 0Z,PzIx +
P − f0xc,Z2
21 + xc2
+ xc,Z 35
describes the guiding-center motion in the unperturbed equi-
librium field, and
	H1 = − 	
P − f0xc,Zf1xc,Z,,t
1 + xc2
36
corresponds to the perturbation due to magnetic perturba-
tions in the first order of 	.
The effect of magnetic field perturbations on passing
particles can be also analyzed using the Hamiltonian equa-
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Using 30, the Hamiltonian 25 can be written as
K = K0Z,Pz,h + 	K1Z,t;Pz,h; , 37
where
K0 = − f0xc,Z − 1 + xc
2− h − xIx −  38
describes the drift motion in the equilibrium magnetic field,
and
	K1Z,t;Pz,h, = − f1xcPz,Z,,t , 39
corresponds to magnetic perturbations.
C. Unperturbed drift surfaces
In the absence of nonaxisymmetric magnetic and electric
perturbations there are two independent integrals of motion:
the particle energy E=H0 and the momentum P. Then the
system is equivalent to an integrable one-degree-of-freedom
system with Hamiltonian H˜ Z , Pz=H0Z , Pz ; P. The
guiding-center orbits lie on toroidal drift surfaces which do
not coincide with the magnetic surfaces.
According to Eq. 38 the drift surfaces are determined
by the surfaces of constant energy, i.e., fDx ,Z=const,
where fDx ,ZK0Z , Pzx ;h. On the other hand, the mag-
netic surfaces are determined by fMx ,Z=−f0x ,Z=const,
i.e., by the first term on the right-hand side of Eq. 38.
Therefore, the deviation of the drift surfaces from the mag-
netic ones depends on several factors, particularly on the
energy h of particles and the direction  of the particle ve-
locity. The estimation of this deviation has been given in Ref.
31.
The dependence of drift surfaces on  has a simple ex-
planation. It is known that the drift velocity ud due to B
and the curvature drifts does not depend on the directions of
particle velocity, i.e., udv2+v
2 /2 see, e.g., Ref. 48, p. 47.
The total velocity of guiding centers, vc, is then given by the
sum of ud and the parallel velocity v, i.e., vc=v+ud. When
the direction of particle motion is changed, ↔−, the ve-
locity v
c
 is changed to v
c
−
=−v+ud, i.e., vc
−v
c
−
.
Therefore, the guiding center orbits of particles moving in
opposite directions at a given energy do not coincide.
In Fig. 1 the deviations of the guiding-center orbits from
the magnetic surfaces are shown for the co-passing curves
1 and the counterpassing particles curves 2 on the poloidal
section r ,, curves 3 correspond to the magnetic surfaces.
The total particle energy is E=1 keV, the relative energy of
radial oscillations = Ix /E=0.5, and the plasma parameter
pol=0.5.
D. Equations of motion in action-angle variables
It is useful to formulate the equations of motion in
action-angle variables to study the regular and chaotic dy-
namics of system. In Appendix B we introduced these vari-
ables for the Hamiltonian system 17. Here we formulate the
Hamiltonian system 24 for the passing particles in the cor-
responding variables.
In the absence of nonaxisymmetric magnetic and electric
perturbations there are two independent integrals of motion:
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and h=−H=const. For the motion on the poloidal x ,z plane
one can use the action variables Iz as defined in B1. We
introduce canonical angle variables z ,T conjugated to the
action variables Iz ,h:
z =
S
Iz
=

Iz
	Z PzZ,Iz,hdZ, 40
T =
S
h
= t +

h	
Z
PzZ,Iz,hdZ, 41
where S=ht+ZPzZ , Iz ,hdZ is the corresponding generat-
ing function. In the new variables the unperturbed Hamil-
tonian K0 depends only on the action Iz and the energy vari-
able h, K0=K0Iz ,h. The angle variable z and the new time
variable T are linear functions of the toroidal angle , z
=zIz ,h+z0, T=tIz ,h+T0. Here z and t are the
corresponding poloidal and “temporal transit frequencies” of
drift motion, respectively:
zIz,h =
K0Iz,h
Iz
, tIz,h =
K0Iz,h
h
. 42
The frequency z is the analog of the rotational transform 
or the inverse safety factor q of magnetic field lines. It has
the meaning of the number of poloidal drift rotations per one
toroidal turn. The quantity z
−1
=qeff will be called the effec-
tive safety factor. The temporal transit frequency t has the
meaning of the averaged time spent by a particle for the
toroidal motion during =1. Its inverse t
−1 coincides with
the toroidal transit frequency  of drift motion introduced
in Sec. III, i.e., t
−1
=Iz , I. The old variables Z , Pz , t ,h
are periodic functions of both, the angle z and the time
variable T, and can be presented as a Fourier series:
Z = Zz,Iz,h = 
m
ZmIz,hexpimz , 43
Pz = Pzz,Iz,h =  PmIz,hexpimz , 44
FIG. 1. Color online Deviations of the drift surfaces from the magnetic
surfaces, for co-passing curves 1 and counterpassing curves 2 particles,
on the poloidal section r ,. Curves 3 denote the magnetic surfaces. The
two sets of curves correspond to different initial conditions.m
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m
tmIz,hexpimz . 45
In the new variables the total Hamiltonian 37 can be
written as
K = K0Iz,h + 	K1z,Iz,T,h, , 46
where
K1 = 
m
KmnIz,hcosmz + T − n 47
is the perturbed Hamiltonian with the Fourier coefficients
KmnIz,h =
1

	
0
2

m
fmrz,Iz,h,z,Iz,h
 cos mz,Iz,hcosmzdz. 48
In the presence of nonaxisymmetric perturbations 39 the
equations of drift motion in variables  ,T , Iz ,h are
dz
d
= zIz,h + 	
K1
Iz
,
dIz
d
= − 	
K1
z
, 49
dT
d
= tIz,h + 	
K1
h
,
dh
d
= − 	
K1
T
. 50
E. Symplectic mapping
We will integrate Eqs. 49 and 50 using the new sym-
plectic mapping method proposed in Refs. 16, 17, and 19.
From the computational point of view, mappings run much
faster than conventional integration methods. Maps with
large “integration steps” can achieve the same accuracy of
computations as the conventional methods with much
smaller integration steps.
The symplectic mapping for the Hamiltonian system
46–50 is constructed in the following way. We introduce
poloidal sections k=k2 /s k=0, ±1, ±2, . . . , where s
1 is an integer number. Let k , Ik , tk ,hk be the intersection
points of the drift orbit Iz ,h ,z ,T with the po-
loidal section =k. The forward 4D map
Ik+1,k+1,Tk+1,hk+1 = Tˆ +Ik,k,Tk,hk , 51
connecting the intersection points of the orbit at =k with
the ones at =k+1, describes the dynamics of co-passing
particles. On the other hand, the backward 4D map
Ik−1,k−1,Tk−1,hk−1 = Tˆ −Ik,k,Tk,hk 52
describes the dynamics of counterpassing particles. The sym-
plectic map 51, based on the Hamiltonian 46, has the
following explicit form given in Ref. 17:
Jk = Ik − 	
Sk
k
, k = k + 	
Sk
Jk
, 53
Hk = hk − 	
Sk
, Tk = Tk + 	
Sk
, 54
Tk Hk
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Hk+1 = Hk, Tk+1 = Tk + tJk,Hk , 56
Ik+1 = Jk+1 + 	
Sk+1
k+1
, k+1 = k − 	
Sk+1
Jk+1
, 57
hk+1 = Hk+1 + 	
Sk+1
Tk+1
, Tk+1 = Tk − 	
Sk+1
Hk+1
. 58
The functions Sk and Sk+1 are the values of the generating
function S ,J ,T ,H , ,	 at →k+0 and →k+1−0, re-
spectively. In Eqs. 53–58 the quantity =k+1−k
=2 /s is the map step along the toroidal axis . In the first
order of the perturbation parameter 	, the generating function
S ,J ,T ,H , ,	 is determined by the integral
S = − 	
0

K1z,J,T,H,d + O , 59
where the running toroidal angle  and the free parameter 0
are located in the interval k ,k+1. In 59 the integral is
taken along the unperturbed orbit z=z−+z,
t=t−+ t. The term O in 59 stands for the
corrections of the order of the small parameter =	 
−01, 1.
Using the Fourier representation 47 of K1, the generat-
ing function S can be presented in the form
S = −  − 0
m
KmJ,Hamsinmz − n + T
+ bmcosmz − n + T , 60
where m= mzJ ,H−n+tJ ,H−0 and
ax =
1 − cos x
x
, bx =
sin x
x
. 61
The 4D map 52 for the counterpassing particles has a
similar form. The accuracy of the mapping depends on the
free parameter 0. The highest accuracy may be achieved
when 0 is located exactly in the middle of the interval
k ,k+1, i.e., 0= k+k+1 /2.
For time-independent perturbations =0 the particle
energy H is an integral of motion. For this case the 4D map
53–58 is reduced to a 2D map for the action-angle vari-
ables  , I: Ik+1 ,k+1=Tˆ +Ik ,k. This map is determined by
the equations on the first lines in 53–58. The increment in
time T=Tk+1−Tk over one step of the map is determined by
T = tJk,Hk + 	 SkHk − Sk+1Hk+1 . 62
The mapping method requires the knowledge of the tran-
sit frequencies zJ ,H, tJ ,H of the unperturbed system,
and the Fourier coefficients KmnJ ,H of the perturbed
Hamiltonian. Analytical determination of these functions in a
toroidal geometry is somehow difficult. In order to avoid
these difficulties we have calculated these functions numeri-
cally according to Eqs. 48 for the rectangular grid coordi-
nates of J ,H: Ji=J0+ iJ, Hj =H0+ jH i=1, . . . ,NJ , j
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to A=1, . . . ,NH. This was carried out by integration of the un-
perturbed Hamiltonian equations 18–21 over one poloidal
turn on the x ,z plane. The functions zJ ,H, tJ ,H,
KmnJ ,H for the arbitrary values of J are interpolated using
the cubic splines.
In order to display the orbits in configurational space
x ,z , or r , ,, the relation to the action-angle vari-
ables J , have to be found. Making the ansatz
r = r0 + 
m=1
M
rm
sJ,Hsin m + rm
cJ,Hcos m , 63
 =  + 
m=1
M
mJ,Hsin m , 64
the Fourier coefficients r
m
sJ, r
m
sJ, and mJ can be cal-
culated numerically by integrating the unperturbed Hamil-
tonian system 38 over one poloidal rotation on the x ,z
plane for the grid coordinates corresponding to J ,H. The
values for arbitrary J ,H are interpolated by cubic splines.
Maps run much faster than the standard integration
schemes approximately 30–40 times for our problems. We
have shown that they reproduce all features of particle dy-
namics obtained by the direct numerical integration of
Hamiltonian equations 18–21 when using a fifth order
Runge-Kutta scheme.
IV. ONSET OF CHAOTIC DRIFT MOTION
As long as particles predominantly follow the magnetic
field lines, the chaotic drift motion may appear close to the
onset of stochasticity of magnetic field lines. However, due
to the toroidal drift the guiding centers deviate from the mag-
netic field see Fig. 1, and thereby the zone of chaotic drift
motion may be different from the magnetic one.
The well-known mechanism for the onset of chaotic field
line motion is the following. The external m ,n resonant
magnetic perturbations destroy the rational magnetic sur-
faces mn determined by qmn=m /n, forming chains of
magnetic islands. The radial widths Wmn of these islands
grow with the perturbation strength 	 as Wmn	1/2. At a cer-
tain level of 	 the neighboring islands start to overlap leading
the global chaotic behavior of field lines.
For the passing particles, according to 47 and 42, the
resonant drift surfaces are determined by the condition
mzIz,H − n + tIz,H = 0. 65
They are also determined by Eq. B13 for both, passing as
well as trapped particles. For static magnetic perturbations
=0 the condition can be written similar to the resonant
condition for the magnetic surfaces: qeffI ,H=m /n, where
qeffz
−1Iz ,H=Iz , I /zIz , I is the effective q profile
of the drift motion. The latter depends not only on the plasma
parameters but also on particle energy H, the adiabatic in-
variant Ix, as well as on the direction of motion =v / v.
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It is convenient to study the chaotic motion by display-
ing the crossing points of particle orbits with the poloidal
plane  ,r at fixed =const. Such a set of points, known as
the Poincaré section, is shown in Fig. 2 for passing particles
with energy E=1 keV, the relative radial energy =0.4, and
the plasma pol=0.5.
Figure 2a corresponds to co-passing particles, Fig. 2b
to counterpassing particles, and Fig. 2c describes the cor-
responding Poincaré section of magnetic field lines. Shown
are cases of destroyed but nonoverlapped resonant drift sur-
faces. The radial positions of the resonant drift surfaces on
the low field side LFS are shifted inwardly for the co-
passing particles and outwardly for the counterpassing par-
ticles, with respect to the corresponding resonant magnetic
surfaces. Such a radial shift is increased with the particle
energy. Since the perturbation field strongly decays in the
inward direction, the widths of drift islands for the counter-
passing particles are larger than for the co-passing particles,
and they have wider stochastic layers near the separatrix.
FIG. 2. Poincaré sections of guiding-center motion on the poloidal plane
r , : a co-passing particles; b counterpassing particles; c magnetic
field lines. The parameter values are E=1 keV, =0.4, and pol=0.5.The maximum of the poloidal mode spectrum Kmn is
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to Ashifted to the higher m with lowering the plasma pol. It leads
to the increase of the ergodization level of particles with the
decrease of pol. The highest ergodization level is achieved
for pol=0.
B. Influence of a static electric field
In the presence of an equilibrium radial electric field
Er=−dr /dr the particle orbits may significantly deviate
from the magnetic field lines due to the combined effect of
the toroidal and the EB drifts. In order to study the effect
of the electric field, we have chosen an equilibrium potential
with the radial profile r=−Ti1− r /a4.
The EB drift velocity vd has a predominant poloidal
component vd
−cEr /B, with Er=4r /a3Ti /a. It changes
the poloidal transit frequencies of drift motion z to

+0+vd
 /r=0−cEr /Br for the co-passing particles
and 
−0+cEr /Br for counterpassing particles, respec-
tively, where 0 is the poloidal transit frequency in the ab-
sence of electric field. Therefore, the effective qeff profile,
defined as qeff= /, is decreased for the counterpassing
particles, and increased for the co-passing particles with re-
spect to the situation without the radial electric field.
The radial positions of the resonant drift surfaces are
further shifted inwardly for the co-passing particles, and out-
wardly for the counterpassing particles. This further in-
creases the distance between the corresponding m: n reso-
nant drift surfaces of the co-passing and counterpassing
particles. It leads to the different ergodization level for the
corresponding particles shown in Fig. 3: a for the co-
passing particles, and b for the counterpassing particles.
In the first case, the chaotic layer is closed, and the par-
FIG. 3. Poincaré sections of drift orbits in the presence of an electric field:
a co-passing particles; b counterpassing particles. Parameter values are
Ti=400 eV, E=1 keV, =0.4, and pol=0.5.ticles are confined. They cannot reach the divertor plates due
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one obtains a well-developed ergodic layer with open orbits
hitting the divertor plates.
C. High-energetic particles
An increase in the particle energy further modifies the
resonant drift surfaces. The resonant drift surfaces of the
co-passing particles are further shifted inside the plasma,
while for the counterpassing particles they are shifted outside
the plasma. The corresponding Poincaré sections are plotted
in Fig. 4: a for = +1; b for =−1.
One can notice that for the high-energetic particles the
selective effect of the perturbed magnetic field on the co-
passing and the counterpassing particles becomes more pro-
nounced. For the co-passing particles the ergodic zone cov-
ers a larger area on the LFS of the plasma than for the
counterpassing particles. To be more specific, the border of
the ergodic zone on the LFS for the first kind of particles is
shifted inwardly by 5 cm in comparison to the second ones.
It means that the fast co-passing particles may leave the
plasma faster than the counterpassing particles. Such a ten-
dency becomes more pronounced with the further increase of
the particle energy. The co-passing particles reach the di-
vertor plates only after a few poloidal turns. On the other
hand, the orbits of the counterpassing particles are regular
nonchaotic, and they do not leave the plasma due to the
magnetic perturbations. We have to mention that at very high
energies, e.g., for runaway particles, a relativistic treatment
FIG. 4. Poincaré sections of drift orbits of particles with energy E
=10 keV: a = +1; b =−1. The other parameter values are =0.4 and
pol=1.will become necessary.
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Next, we consider the effect of rotating magnetic field
perturbations. In the presence of a periodically time-
dependent magnetic field the resonance conditions qeff
 /=m /n should be replaced by B13 or 65. Finite
rotation frequencies shift the radial positions of the resonant
drift surfaces from the static case =0. In order to estimate
this shift consider the following simple model. Neglecting
the effect of the toroidal drift, the effective qeff may be ap-
proximated by the magnetic safety factor q, see 29. Accord-
ing to 65, the radial positions of the resonant drift surfaces

mn is determined by

mn =
a

qa − q0

 m
n − t
− q0. 66
Thus, the shift of resonant drift surfaces 
mn= 
mn
−
mn0 due to magnetic field rotation depends on its fre-
quency f = /2, on the particle energy E, and the direction
of motion .
We have estimated the shift of drift islands for the
TEXTOR-DED parameters with a maximum frequency of
rotation f =104 Hz. For the particle energies, we assume the
values E=50 eV and E=1 keV.
For E=1 keV, the resonant drift surface m=12, n=4 is
approximately shifted inwardly by 2.5 cm for counterpassing
particles, and outwardly to the same amount for co-passing
particles. For E=50 eV, the outward shift is 13.7 cm for 
= +1, and the inward shift is 8.5 cm for =−1, respectively.
By changing the frequency f of the rotating magnetic
field one can regulate the positions of the resonant drift sur-
faces as was proposed in Ref. 14. In order to show this we
have considered the case pol=1 when the neighboring reso-
nant drift islands do not overlap.
In the case f0 the O- points move on the poloidal
plane  ,r. The outward shift of O-points is 0.11 cm on the
LFS and 0.3 cm on the HFS, for f =103 Hz, 0.23 cm, and
0.6 cm, respectively, for f =2103 Hz, 0.45 cm, and 1.3 cm,
respectively, for f =4103 Hz, 1.2 cm, and 3.5 cm, respec-
tively, or f =104 Hz. Similarly, one can show that for coun-
terpassing particles the resonant drift surfaces are shifted in-
wardly.
Poincaré sections of drift orbits in the laboratory frame
are presented in Fig. 5 for co-passing particles at the rotation
frequency f =104 Hz. The parameters are pol=0.5, E
=1 keV, and =0.4. Particle orbits are integrated up to time
t=10−2 s. As can be seen from Fig. 5, the rotation “smears
out” the structure of the ergodic zone, making the magnetic
islands invisible. It is not easy to reveal the ergodization
level from Poincaré sections. However, one can expect that
the ergodic zone is shifted outwardly for co-passing par-
ticles, while it is shifted inwardly for counterpassing par-
ticles.
V. RADIAL DIFFUSION OF PARTICLES IN THE
ERGODIC ZONE
The chaotic motion of particles at the plasma edge due to
the effect the resonant magnetic perturbations acts as an ad-
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ergy transport. Below we estimate the radial diffusion rates
of particles caused by the chaotic magnetic field lines. Al-
though the description of radial transport in a stochastic layer
by diffusion coefficients is not complete, it allows at least to
estimate the magnitude of radial transport.
It is known that in a finite ergodic domain one cannot
introduce a global radial diffusion coefficient Dr by calculat-
ing Dr=r
2t /2t, t→. The latter is defined in an unlimited
domain. The radial displacement r0
2 t= r− r2 tends to a
finite value for t→ in a finite domain see, e.g., Ref. 20.
The angular bracket ¯ stands for averaging over a set of
initial coordinates uniformly distributed over the drift sur-
face, and r0 stands for the radial coordinate of the drift sur-
face on the LFS. One can, however, introduce a local diffu-
sion coefficient Drr in the initial linear growth regime of
r
2t=2Drt.
In Fig. 6 the radial profiles of Dr for ion energy 1 keV
and =0.4 are plotted for the static Fig. 6a and for the
rotating Fig. 6b magnetic field perturbations. In Fig. 6
curves 1 correspond to co-passing particles, curves 2 to
counterpassing particles. Curve 3 describes the electron dif-
fusion coefficient Dre for the same energy 1 keV, but multi-
plied by a factor vi /ve= me /mi1/2=1/42.9. Here vi and ve
are ion and electron velocities, respectively. The rotation fre-
quency in case b is f =104 Hz. The corresponding Poincaré
sections of ions were shown in Figs. 2 and 5.
We have also calculated the magnetic field diffusion co-
efficients DFL. The electron diffusion coefficients Dre calcu-
lated curve 3 in Fig. 6a from the drift equations quite well
agrees with Dre=DFLve. The ratio Dre /DFL is approximately
constant and equal to the electron velocity 1.5107 m/s. It
confirms that electrons predominantly follow magnetic field
lines. However, due to toroidal drifts the ion diffusion coef-
ficients Di in the ergodic zone are not simply related to the
magnetic diffusivity. Moreover, they depend also on the di-
rection of particle motion. As seen from Fig. 6 in the static
case, the ion diffusion coefficients for counterpassing par-
ticles are larger than for co-passing particles. One should
note that curve 3 Fig. 6a is proportional to the field line
diffusion coefficient DFL, i.e., Drevi /ve=DFLvi=Dm. The dif-
fusion coefficient Dm could describe the radial ion diffusion
FIG. 5. The same as Fig. 2, but in the presence of time-dependent magnetic
perturbations. The parameter values are E=1 keV, pol=0.5, =0.4, =1,
f =104 Hz. Particles are followed up to time t=0.910−2 s.if ions would follow magnetic field lines. However, due to
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Dm for co-passing particles and larger than Dm for counter-
passing particles.
The rotating magnetic field perturbation increases the
diffusion rate for co-passing particles due to an outward shift
of resonant drift surfaces curve 1, and decreases it for
counterpassing particles due to inward shifted resonant drift
surfaces curve 2 see Fig. 6b. For instance, at r
=44.2 cm Di is increased from the value 0.39 m2/s in the
static case to 0.56 m2/s in the rotating case for co-passing
particles = +1, and it is, respectively, decreased from
0.57 m2/s to 0.43 m2/s for the counterpassing particles.
A description of electron and particle transport by diffu-
sion coefficients fails in the so-called laminar zone, i.e., the
region of the ergodic zone close to the divertor coils where a
majority of field lines have short wall to wall connection
lengths. The transport of heat and particles in this region is of
convective nature as was discussed in Ref. 42.
VI. CONCLUSIONS
In this paper, we have studied the effect of external reso-
nant magnetic perturbations on the test particle drift motion
in a toroidal system. The study was based on an analysis of
Hamiltonian guiding-center equations proposed in Ref. 31.
FIG. 6. Color online Radial profiles of diffusion coefficients Di. a Curve
1 corresponds to co-passing particles; curve 2 to counterpassing particles.
Curve 3 describes the diffusion coefficient of electrons De multiplied by the
factor 
me /mi1/42.9. Parameters are the same as in Fig. 2. b The same
as a but for rotating magnetic perturbations with frequency f =104 Hz.
Curve 1 is for = +1; 2 is for =−1.In the case of static magnetic perturbations, the problem is
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Hamiltonian system. The effect of a rotating magnetic field is
equivalent to the action of a time-periodic perturbation. For
passing particles, the equations for the guiding-center motion
were also formulated in Hamiltonian form with the toroidal
angle as an independent time-like variable. Field line equa-
tions can be directly obtained from these equations. The for-
mulation is suitable to study the deviation of drift orbits from
the magnetic field lines. Since it is difficult to obtain analyti-
cal expressions for the Hamiltonian in action-angle variables,
the Hamiltonian has been represented numerically as a Fou-
rier series in angle variables, with cubic spline interpolations
of its harmonics in action variables. It allowed one to inte-
grate the Hamiltonian guiding-center equations using fast-
running symplectic mapping methods developed in Refs. 16,
17, and 19.
We have analyzed the onset of chaotic drift motion due
to resonant magnetic field perturbations. The chaotic region
at the plasma edge is formed due to interactions of several
resonant drift islands. Their radial positions with respect to
the divertor coils, and the distances between them, are im-
portant factors in formation of particle chaos. These factors
are determined not only by the plasma parameters, as in the
case of magnetic field line stochasticity, but also by the par-
ticle parameters. It was shown that due to a toroidal drift the
positions of resonant drift surfaces are shifted with respect to
resonant magnetic surfaces. The shift depends not only on
the energy of particles but also on their directions of motion.
For co-passing particles the resonant surfaces are shifted in-
wardly, while for counterpassing particles outwardly. An
equilibrium electric field and a rotating magnetic field also
significantly vary the positions of resonant drift surfaces, act-
ing selectively on the co-passing and counterpassing par-
ticles, respectively. For instance, a rotating field of frequency
f =104 Hz shifts the resonant drift surface outward inward
up to 2–3 cm for the co-passing counterpassing particles.
The shift of resonant drift surfaces significantly affects the
formation of the stochastic zone of drift motion since the
magnetic field perturbation strongly decays in the inward
radial direction. Particularly, it has been shown that the er-
godic regions for co-passing and counterpassing particles are
different. This difference becomes more pronounced with an
increase in particle energy.
The effects of finite ion gyroradii on the ion transport in
the stochastic magnetic field of the TEXTOR-DED are insig-
nificant. This is because that the characteristic radial and
poloidal scales of the perturbation field are much larger than
the gyroradius of thermal ions. Indeed, the characteristic
length Lr=BrdBr /dr−1 of radial variation of the perturba-
tion field is of order of Lr /m02–3 cm at the plasma
edge, while the gyroradius of thermal ions Ei
=50–100 eV is 0.3–0.5 mm.
Radial transport of test particles in the stochastic zone
can be analyzed by calculating the radial diffusion coeffi-
cients. It has been shown that the ion diffusion coefficient
has the order of magnitude of the observed anomalous per-
pendicular diffusion. The diffusion coefficient has different
values for co-passing and counterpassing particles. The elec-
tron diffusion coefficients are larger than the ion diffusion
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to Arate by the factor 
mi /me. Because of their small Larmor
radii, they are mainly determined by the magnetic field line
diffusivity.
In the present study we have not taken into account some
important issues of particle transport in fusion devices. First,
we did not take into account particle collisions, and second
we ignored electrostatic fluctuations which are believed to be
also responsible for anomalous perpendicular transport of
heat and particles. These problems, which are important in a
transport study of thermal particles in stochastic magnetic
fields, require separate investigations.
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APPENDIX A: MODELS FOR THE TOKAMAK
MAGNETIC EQUILIBRIUM AND MAGNETIC
PERTURBATIONS
We consider the tokamak plasma with nested, circular
magnetic surfaces. For a low  and large aspect-ratio toka-
mak plasma, the equilibrium field is described by the vector
potential see Ref. 35, p. 32
A = 0,AR,Z,AzR,Z , A1
AR,z =
B0
R 	 dq
 , A2
AzR = − B0R0 lnR/R0 , A3
where q
 is a safety factor. The quantity
 = Rp
2
1 − 1 − 
2Rp2

1/2  
22 A4
is proportional to the toroidal magnetic flux through a mag-
netic surface of radius 
; Rp
 is the major radius of its
center. We will use the following model for the Shafranov
shift 
 considered in Ref. 49:

 = Rp
2a +  + 1a2 − 
21/2 − Rpa
  + 1
a2 − 
2
2Rpa
, A5
where =pol+ li /2−1, li is the internal inductance. The re-
lation between the radius 
 of the magnetic surface and the
cylindrical coordinates R ,Z is 
=
R−Rpa−
2+Z2.
Consider a model of magnetic perturbations in the DED
of the TEXTOR see Refs. 35 and 45. It consists of 16
helical conductors on inboard circumference of radius rc
aligned parallel to the magnetic field lines. They are located
in the poloidal sector −c+c on the high field side
HFS with the width =2c. In the standard operational
mode the current distribution over coils is given by Ij
= Id sinj /2+t, j=1, . . . ,16, which creates resonant mag-
netic perturbations m :n with the toroidal mode n=4 and the
several poloidal modes near the magnetic surface q=3. The
current amplitude Id may reach up to 15 kA, and rotation
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ated by the coil system may be well described by the vector
potential A= 0,A ,0 see Ref. 35, p. 22:
Ar,, = 
m
Amrcosm − n − t , A6
where
Amr  −
Bcgm
m
rc
R0R  rrc
m
. A7
Here Bc=oIdn cos 0 /crc is a characteristic amplitude of
magnetic perturbations with 0=crc /R0−rc. The quan-
tity
gm = − 1m
sinm − m0c
m − m0
describes the spectrum of poloidal modes. In the standard
case the central mode m020. For the numerical calcula-
tions we have chosen the divertor current Id=15 kA, minor
coil radius rc=53.25 cm, and half poloidal extension c
= /5.
APPENDIX B: DRIFT HAMILTONIAN
IN ACTION-ANGLE VARIABLES
It is convenient to describe the drift motion of confined
particles in action-angle variables Iz , I ,z ,. The action
variables Iz , I follow from the unperturbed Hamiltonian H0
according to
Iz =
1
2Cp PzZ;P,H0dZ , B1
I =
1
2C Pd , B2
where the integrals is taken along the projections Cp and C
of drift orbit onto the poloidal x , Pz and the toroidal x , P
sections of the phase space, respectively. In action variables
H0=H0Iz , I. The change of the old variables Z , , Pz , P
to the new action-angle variables Iz , I ,z , follows from
the generating function
S = SZ,,Iz,I = I + 	Z PzZ;Iz,IdZ. B3
Then the relations between the old variables and the new
angle variables are
z =

Iz
	Z PzZ,Iz,IdZ, B4
 =  +

I
	Z PzZ,Iz,IdZ. B5
The coordinates Z , are periodic functions of the angle vari-
ables z ,:
Z = Zz,;Iz,I =  zmIz,Iexpimz , B6
m,n
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m,n
mIz,Iexpimz .
B7
The unperturbed motion is characterized by the poloidal,
zIz , I=H0 /Iz, and the toroidal, Iz , I=H0 /I,
transit frequencies of the conditionally periodic motion on
the drift surface H=H0Iz , I=H0Z , Pz , I=const. The
angle variables z and , determining the position of the
guiding center on the drift surface, are linear functions of
time: z=zIz , It+z0, =Iz , It+0.
In action-angle variables, the total Hamiltonian takes the
form
H = H0Iz,I + 	H1z,,Iz,I,t , B8
where the perturbed Hamiltonian 	H1 can be presented as a
Fourier series in z ,:
	H1 = 	
m,n
HmnIz,Icosmz − n + t . B9
The spectral components, HmnIz , I, of the perturbed
Hamiltonian H1 are determined by the Fourier integrals:
HmnIz,I =

83	0
2
dz	
0
2
d	
0
2/
dt
 H1Zz,z,,Pzz,P,t
e−imz+in−it. B10
The drift motion is governed by
d
dt
=
H
I
= Iz,I + 	
H1
I
, B11
dI
dt
= − 	
H1

,  = z, . B12
According to the Kolmogorov-Arnold-Moser KAM
theory most drift surfaces may survive under the perturbation
B9 if the perturbation is sufficiently small and far from the
resonant drift surfaces. The latter are determined by the con-
dition
mzIz,I − nIz,I +  = 0, B13
with certain integer numbers m ,n. The resonant drift surfaces
are significantly affected by the perturbation. Consider the
drift orbits near the m ,n resonance surface. Following Ref.
14 we introduce the new canonical phases  , and the
actions J ,J, with the help of the generating function F
= mz−n+tJ+J. Then, taking into account only
the dominating single resonance perturbation H1
=	Hmn cosmz−n+t the canonical equations can be
transformed to new ones with the new Hamiltonian function
HJ,J,J = H0mJ,− nJ + J + J
+ 	HmnmJ,− nJ + Jcos  . B14
The relations between the old action variables Iz , I, and the
new one J are
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F
J
= mz − n + t,  =
F
J
= , B15
Iz =
F
z
= mJ, I =
F

= − nJ + J. B16
From B14 it follows that nIz+mI=J is an integral of
motion. Suppose that the resonance condition B13 is satis-
fied for J=Jmn. The canonical equations for the new vari-
ables  , ,J ,J can be simplified by expanding the
Hamiltonian B14 in series of powers of J=J−Jmn, and
neglecting the terms proportional to 	J. Then we obtain
d
dt
=
HJ
J
=  mnJ,
dJ
dt
= −
HJ

= 	Vmn sin  ,
B17
HJ =
 mn
2
J2 + 	Vmn cos  , B18
where VmnHmnmJmn ,−nJmn+J and
 mn = m Iz − n I˜ . B19
Here, ˜ =mz−n. Equations B17 correspond to a pen-
dulum with a frequency for small amplitude oscillations
mn=
	Vmn  / mn. For − mnmn2 HJ mnmn2 the particle
orbits are trapped by the chain of drift islands. The widths of
the islands, Wmn=2 max J, are
Wmn = 4mn = 4
	Vmn/ mn. B20
In the old action variables Iz , I we have Iz=mWmn and
I=nWmn. Taking into account that near the resonance the
variables are not independent, one can easily show that the
quantity  can be written as  mn=˜ /J¯, where J¯= Iz /m
− I /n=2Iz /m−J.
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